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Abstract
In this paper, an active suspension system based on an inertial delay observer combined with sliding mode control is pro-
posed for a quarter-car model. The inertial delay observer estimates the states and the uncertainties and disturbances of
a system simultaneously. It is an extension of the inertial delay control which estimates the uncertainties of a system but
needs the measurement of all states. The proposed scheme needs only the sprung mass position sensor for its imple-
mentation. The overall stability of the system is proved. The scheme is validated by simulation and by experimentation
on a laboratory set-up. The results obtained with the proposed scheme are compared with those obtained with a pas-
sive suspension scheme, an linear quadratic Gaussian observer-based scheme and an inertial delay control-based scheme.
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Introduction

The main function of a suspension system is to isolate
the passengers from the road disturbance. The perfor-
mance of a passive suspension system under varying
road profiles is limited due to the fixed nature of its
configuration. In contrast, an active suspension system
which introduces a force generator in parallel with the
passive suspension components such as springs and
dampers, has a greater flexibility to deal with different
road profile scenarios. However, The design of an
active suspension system is beset with several problems.
The knowledge of system components such as the
springs and the dampers is often inaccurate, the sprung
mass may not be constant and the road profile may
have a wide variation. Further all signals required for
generating the control law may not be available.

In the past, many control strategies have been pro-
posed in the literature to overcome some of the chal-
lenges in the design of an active suspension system. The
application of optimal control,1 linear quadratic
regulator-based control,2 adaptive and model reference
adaptive control,3–9 are some of the strategies that are
reported in the literature. Recently some strategies that
focus on integrated control of steering and active sus-
pension,10 active suspension and braking11 are
reported. Since it is difficult to get an accurate model

of a suspension system, many researchers have
employed control strategies that do not require any
model or require only a crude model of a system.
Fuzzy control which does not need a model is applied
to active suspension in Rajeswari and Lakshmi,12 its
combination with neural networks has been described
by Al-Holou et al.13 and Esat et al.14 Sliding mode con-
trol (SMC) can work with a model in which only the
range of uncertainties and the bounds of disturbances
is known. SMC and its combinations applied to active
suspension have been reported by Mohan et al.,8,9 Kim
and Ro,15 Lin et al.16 and Lian.17 Some strategies based
on the estimation of uncertainties such as the inertial
delay control (IDC)18 and the disturbance observer19

applied to the active suspension are also reported.
As far as the sensor measurements are concerned the

strategies mentioned above require sensors for mea-
surement of displacements and velocities of the sprung
and unsprung masses. It is particularly difficult to get
the transducers capable of measurement of skyhook
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velocity or velocity signal in general.20 The velocity sig-
nal can be obtained by passing the displacement signal
through a high-pass filter or by numerical differentia-
tion. The solutions reported in the literature based on
integration of the vertical acceleration and similar
approaches can be seen in Truscott,6 Lin et al.16 and
Preumont et al.21 A capacitive microelectromechanical
system (MEMS) velocity sensor to get the skyhook
velocity is given in Alshehri et al.22

A general solution to obtain the states is to use an
observer. A simple Luenberger observer is unlikely to
work satisfactorily for an active suspension system
because of uncertainties and wide ranging road distur-
bances which are unknown. Use of special sensors to
get this information directly or by using lead vehicles as
sensors can be seen in the literature. A vehicle-mounted
preview sensor is employed by Abdel-Hady23 and Ryu
et al.,24 whereas using a lead vehicle in a convoy as a
preview sensor is proposed by Rahman and Rideout.25

A nonlinear observer,26 adaptive observer,5 a sliding
mode observer27 for semi-active suspension, an
observer-based fuzzy sliding observer,28,29 LQG-
based30 are some of the examples of the use of observer
for active suspension. An estimator based suspension
system for controlling the motorized suspension dam-
per is proposed in Seo et al.31

The focus of this paper is on designing an active sus-
pension system that estimates the states of the system
in addition to estimating the effect of uncertainties and
road disturbance. The main motivation for the simulta-
neous estimation of states and uncertainty is to reduce
the number of sensors and to robustify the control in
the presence of unknown road disturbance and uncer-
tainties in the system parameters. The time delay con-
trol, the IDC, also known as uncertainty and
disturbance estimator,32–35 are methods to estimate the
uncertainties and disturbances using past measure-
ments. These methods need the states of the system. An
inertial delay observer (IDO) to estimate the uncertain-
ties and states of the system is reported without a stabi-
lity proof in Ginoya et al.36

The work reported by Deshpande et al.18 estimates
the effect of uncertainties and road disturbance but
needs the positions and velocities of sprung mass as
well as unsprung mass. Deshpande et al.19 the effect of
uncertainties and road disturbance is estimated using
the position and velocity of just the sprung mass,
thereby reducing the sensor requirement by two. This
paper takes the work of Deshpande et al.18,19 forward
by estimating the effect of uncertainties and road dis-
turbance and the states of the sprung mass using just
the position of sprung mass. Usually getting a good
measurement of the velocities of the sprung mass or
unsprung mass is difficult and the road profiles can
change significantly even for short runs. The proposed
scheme can estimate the velocity of the sprung mass
obviating the need for its measurement and the estima-
tion of the effect of road disturbances and uncertainties
obviates the need for special preview sensors.

The main features of the proposed paper are:

1. a single-sensor-based active suspension system;
2. simultaneous estimation of states of the sprung

mass and the effect of uncertainties and road
disturbance;

3. stability of overall system is proved;
4. experimental validation of the proposed control.

The rest of the paper is organized as follows: Section
2 describes the problem, Section 3 gives a brief intro-
duction to IDC, Section 4 develops the IDO and the
SMC, Section 5 derives the stability of the overall sys-
tem, Section 6 gives the simulation results while Section
7 validates the proposed control on hardware and
Section 8 summarizes the conclusions.

Problem statement

In this section, the dynamic model of the active suspen-
sion system is derived. A quarter-car model is consid-
ered to describe the system dynamics. The schematic
diagram of a quarter-car suspension system is shown in
Figure 1. The sprung mass ms represents the mass of
the vehicle body and passengers, the unsprung mass
mus represents the mass of the tire, wheel, break and
the suspension linkage. The spring ks and the damper
bs are the components of the passive suspension system
which support the body weight over the tire. The spring
kus and the damper bus model the stiffness of the tire
which is in contact with the road. An actuator is placed
between the sprung mass and the unsprung mass. The
actuator generates the control force to minimize the
acceleration and displacement of the sprung mass
which improves the ride comfort. The road disturbance
is denoted by zr.

The equations of motion for the sprung mass and
the unsprung mass can be written as

m us

m s

k s bs u

k us
bus

x s

x us

z r

Figure 1. Quarter-car suspension model.
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ms€xs = � ks(xs � xus)� bs( _xs � _xus)+ u ð1Þ

mus€xus = ks(xs � xus)+ bs( _xs � _xus)

� kus(xus � zr)� bus( _xus � _zr)� u
ð2Þ

where u is the control force generated by the actuator.
Denoting the states of the system as x1=xs, x2 = _xs,
x3= xus, x4 = _xus and writing the system dynamics in
the state space form as

_x1 = x2

_x2 = � ks
ms

x1 �
bs
ms

x2 +
ks
ms

x3 +
bs
ms

x4 +
1

ms
u

_x3 = x4

_x4 =
ks
mus

x1 +
bs
mus

x2 �
(ks + kus)

mus
x3 �

(bs + bus)

mus
x4 +

kus
mus

zr +
bus
mus

_zr �
1

mus
u

9>>>>>>>=
>>>>>>>;

ð3Þ

The objective of the design of control is to improve the
ride comfort by trying to make the sprung mass accel-
eration small in spite of uncertainties in the suspension
system and in the presence of road disturbance. Further
this is to be accomplished using only the sprung mass
displacement information.

Inertial delay control

In this section, the concept of IDC is explained in brief.
The controller is designed here along the lines of
Deshpande et al.18 and Talole and Phadke,34 where the
IDC is combined with SMC. The basic idea of IDC is
to estimate the effect of uncertainties and disturbances
by using the system information in the recent past. The
reason for explaining the IDC is to provide the back-
ground for the development of an IDO given in
Section 4.

The sliding surface is formulated using the sprung
mass displacement x1 and velocity x2 as

s = cx1 + x2 ð4Þ

where c . 0 is a user chosen constant. Differentiating
(4) and using (3),

_s = cx2 �
ksx1
ms
� bsx2

ms
+

ksx3
ms

+
bsx4
ms

+
u

ms
ð5Þ

Defining

e= � ksx1 � bsx2 + ksx3 + bsx4 ð6Þ

and using it in (5) gives

_s = c x2 + h e+ h u ð7Þ

where h= 1
ms
. Note that the expression for e may con-

tain the uncertainties in the spring and the damper coef-
ficients and the effect of the road disturbance coming
through the unsprung mass position x3 and velocity x4.
The variable e is called the lumped uncertainty. The
idea here is to estimate e using the IDC and to use the
opposite of the estimate in u.

Selecting the control input to stabilize the system as

u= ueq + un ð8Þ

where ueq is designed to cater for the known terms pres-
ent in (7) and is given by

ueq = � 1

b
c x2 + ks½ � ð9Þ

where k . 0 is a user chosen constant. Using (8) and
(9) in (7)

_s = bun + be� ks ð10Þ

Let ê be the estimate of the lumped uncertainty e, which
is estimated by passing e through a broad-band filter
Gf(s) given by

Gf(s)=
1

ts+1
ð11Þ

where t . 0 is the filter time constant. Now selecting un
as

un = � ê ð12Þ

Using (10), (11) and (12) the estimate of the lumped
uncertainty works out to

ê=
1

b t
s + k

Z t

0

s dt

� �
ð13Þ

A block schematic of the IDC based SMC is shown
in Figure 2. Defining the estimation error as ~e= e� ê,
the dynamics of sliding variable s becomes

_s = b~e� ks ð14Þ

It has been shown by Deshpande et al.18 that the
sliding variable s is ultimately bounded whereby ride
comfort can be assured. However the control requires
the sprung mass position x1 as well as sprung mass velo-
city x2. In the next section an IDO is designed to over-
come the need to measure the sprung mass velocity x2.

Inertial delay observer and controller

In this section, an IDO is designed to estimate the
sprung mass position x1, sprung mass velocity x2 and
the lumped uncertainty simultaneously and then the
estimated states and the estimate of uncertainty is used
to implement the controller and in the next section the
stability of the overall system is proved. The sprung
mass displacement x1 is assumed to be the only signal
available for measurement.

Phadke et al. 3



IDO

Consider the dynamics of sprung mass given in (3),

_x1 = x2

_x2 = � ksx1
ms
� bsx2

ms
+

ksx3
ms

+
bsx4
ms

+
u

ms

9=
; ð15Þ

Writing the dynamics of sprung mass in compact form
as

_x=Ax+Bu+Be
y=Cx

�
ð16Þ

where the system parameter matrices are given by

A=
0 1
0 0

� �
; B=

0
1
ms

� �
; C= 1 0½ �

The state vector is given by x= x1 x2½ �T and the
lumped uncertainty e is as given in (6). The dynamics
of the observer is chosen as

_̂x=Ax̂+Bu+Bê+L (y� ŷ)
ŷ=Cx̂

�
ð17Þ

where x̂ is the estimate of the state vector x, ê is the
estimate of the lumped uncertainty e and L is the obser-
ver gain. Notice the addition of Bê in (17) enabling
improvement over the classical Luenburger observer.
One can write the estimate of lumped uncertainty using
(16) as

e=B+½ _x� Ax� Bu� ð18Þ

where B+ =(BTB)21BT is the pseudo-inverse of matrix
B. If the states x1, x2 were available for measurement,

the lumped uncertainty could have been estimated using
(18) as explained in Section 3. However since the states
are not available for measurement, x is replaced by x̂ in
(18) giving

�e=B+½ _̂x� Ax̂� Bu� ð19Þ

The estimate of the lumped uncertainty ê is expressed
as

ê=Gf(s) �e ð20Þ

where Gf(s) is a broad-band filter. Using (17), (19) and
(20), the update law for the estimate ê can be obtained
as

_̂e=
1

t
B+ L (y� ŷ) ð21Þ

Defining the state estimation error as ~x= x� x̂ and
the disturbance estimation error as ~e= e� ê and writ-
ing the dynamics of state estimation error using (16)
and (17) as

_~x=(A� LC)~x+B~e ð22Þ

Subtracting _e from both sides of (21) gives

_~e= � 1

t
B+LC~x+ _e ð23Þ

Assumption 1. The lumped uncertainty e is continuous
and satisfies

de

dt

����
����\ m ð24Þ

where m is a positive unknown number.

Figure 2. IDC-based SMC scheme.
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This assumption admits a fairly large class of uncer-
tainties and road disturbances. It may be noted that the
design of control does not need the actual value of m.
Writing the observer error dynamics in compact form
using (22), (23),

_~z=M~z+N _e ð25Þ

where

~z=
~x
~e

� �
; M=

A� LC B
� 1

t
B+LC 0

� �
; N=

0
0
1

2
4
3
5

The stability analysis of the observer is discussed in
Section 5. Next the SMC is design based on the obser-
ver states and the estimate of the lumped uncertainty.

Controller design

The sliding surface is defined now using the observer
states as

ŝ =Sx̂ ð26Þ

where the vector is defined as S=[c 1]. Differentiating
(26) and using (16)

_̂s =S½Ax̂+Bu+Bê+L (y� ŷ)� ð27Þ

The control input u is split into two parts as

u= ueq + un ð28Þ

with

ueq = � (SB)�1(SAx̂+ kŝ) ð29Þ

un = � (SB)�1ê ð30Þ

where the estimate of lumped disturbance is given in
(21). A block schematic of the IDO-based SMC is
shown in Figure 3. The dynamics of ŝ becomes

_̂s =SLC~x� kŝ ð31Þ

The stability analysis of the observer and the closed-
loop system is given in the next section.

Stability

In this section, the stability analysis of the observer and
the overall system are given in the sense of ultimate
boundedness presented in Corless and Leitmann.37 The
stability proof derived here aiming for ultimate bound-
edness of all signals. From (25), it can be seen that one
can place the eigenvalues of M arbitrarily by selecting
observer gain matrix appropriately. Placing the eigen-
value of M in Left Half Plane (LHP), it is always possi-
ble to find a positive-definite matrix P such that

MTP+PM= �Q ð32Þ

for any given positive-definite matrix Q. Let lm denote
the smallest eigenvalue of Q. Selecting a Lyapunov
function

V1(~z)= ~zTP~z ð33Þ

Figure 3. IDO-based SMC scheme.

Phadke et al. 5



and computing the time derivative of Lyapunov func-
tion along (25) as

_V1 = ~zT(MTP+PM)~z+2~zTPN _e ð34Þ
_V14� ~zTQ~z+2 PNk k ~zk km ð35Þ
4� lm ~zk k2 +2 PNk k ~zk km ð36Þ
4� ~zk k(lm ~zk k � 2 PNk km) ð37Þ

It can be seen that the asymptotic stability cannot be
guaranteed but the ~zk k cannot exceed a bound and
therefore will remain ultimately bounded. Therefore,
after a sufficiently long time, the norm of ~z is bounded
by

~zk k4l1 ð38Þ

where

l1 =
2 PNk km

lm
ð39Þ

Next the bounds of ŝ is computed by taking the
Lyapunov function as

V2(ŝ)=
1

2
ŝ2 ð40Þ

computing the time derivative of V2 along (31) and (38)

_V2 = � kŝ2 +SLC~xs ð41Þ
4� jŝj � k ŝj j � SLCk kl1½ � ð42Þ

therefore ŝ is bounded by

ŝj j4l2 ð43Þ

where

l2 =
SLCk kl1

k
ð44Þ

One can prove the boundedness of ~s =s � ŝ along
similar lines. One can lower the bounds l1, l2 arbitra-
rily by appropriately selecting the observer gains and
the control parameters.

Simulation and discussion

The effectiveness of the proposed scheme is assessed
through simulation of the quarter-car suspension model
given in Figure 1. The performance of the passive sus-
pension system, the linear quadratic Gaussian (LQG)
observer, the controller design based on IDC detailed
in Section 3 and the design based on IDO given in
Section 4.2 are compared for the same road profile.
These are referred to as case I, II, III and IV in the
sequel. Further the effect of changing the value of the
sprung mass for the IDO-based controller is simulated,
which is referred to as case V. The investigation with
two more road profiles is referred to as case VI. All
simulations were carried out in MATLAB/Simulink
environment. The total space between the sprung and
unsprung mass is known as the rattle space and is

denoted by L. In the results, the plots of relative sus-
pension deflection are the plots of the ratio of suspen-
sion deflection (x12x3) to the rattle space L. The
relative suspension deflection is denoted by j. The nom-
inal values of the parameters of the suspension system
considered for simulation are shown in Table 1.

The road profile38 used for simulation is shown in
Figure 4. It is generated by the following:

zr(t)=

�0:0592t31 +0:1332t21 + dt; 3:54t\ 5
0:0592t32 +0:1332t22 + dt; 54t\ 6:5
0:0592t33 � 0:1332t23 + dt; 8:54t\ 10
�0:0592t34 � 0:1332t24 + dt; 104t\ 11:5
d(t), otherwise

8>>>><
>>>>:

ð45Þ

where d(t)=0.002sin(2pt) + 0.002sin(7.5pt) is the
sinusoidal disturbance and the time intervals are define
as t1= t2 3.5, t2= t2 6.5, t3= t2 8.5 and
t4= t2 11.5.

Case I: Passive suspension system

The simulation results obtained with the passive sus-
pension system are shown in Figure 5 for the road pro-
file described in (45). The plots of the acceleration of
the sprung mass, the road disturbance and the sprung
mass displacement, the sprung mass deflection and the
relative suspension deflection are shown in Figure 5a,
(b), (c) and (d), respectively. It can be seen from the plot
of sprung mass displacement and the road disturbance
that the sprung mass closely follows the road distur-
bance and consequently the sprung mass acceleration is
moderately large.

Table 1. Nominal parameters considered for simulations.

Parameter Value Units

ms 290 kg
mus 59 kg
ks 14500 N/m
bs 1385.4 N/m s
bus 170 N/m s
kus 190,000 N/m
L 0.12 m

0 2 4 6 8 10 12 14

− 0.1

0

0.1

time [s]

z r
[m
]

Figure 4. Road profile.
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Case II: Active suspension with LQG observer

In this case, an LQG observer30-based controller is
designed and simulated. Since this methodology
requires the full state of the system, the full state obser-
ver is designed using two measurements. The system
states are selected as q=[q1 q2 q3 q4]

T where q1= xs 2

xus, q2 = _xs, q3=xus2 zr, q4 = _xus: The dynamics of
the system is mathematically represented as

_q=Anq+Bnu
y=Cnq

�
ð46Þ

The nominal parameters of the system are taken as

An =

0 1 0 �1
�50 �4:777 0 4:777

0 0 0 1

245:76 23:48 �3220:33 �26:36

2
6664

3
7775;

Bn =

0 0

0 0:0034

�1 0

2:88 �0:0169

2
6664

3
7775;

Cn =
1 0 0 0

�50 �4:777 0 4:777

� �

The dynamics of the observer is defined as

_̂xobs =Anx̂obs +Bnu+L(y� ŷ) ð47Þ
ŷ=Cnx̂obs ð48Þ

where x̂obs is the estimate of state vector and L is a
Kalman gain which is computed from the matrices An,
Cn.

The control input u is given by

u= � Kx̂obs ð49Þ

where K is called a feedback gain matrix. The controller
and observer gains are set to

K=

24:6
228:1
�4216:7
�120:5

2
664

3
775;L=

0:00094 �0:233
�0:00714 �1:809

�1:9516310�5 0:0105
0:026 6:361

2
664

3
775

The performance of the system such as the plots of the
sprung mass acceleration, the comparative plots of the
sprung mass displacement and the road profile, the dis-
placement of sprung mass alone, the control input and
the relative suspension deflection are shown in Figure
6(a)–(e). The comparative plots of the states and their
estimation are shown in Figure 6f–(i). It can be seen
that the estimations of the sprung mass and unsprung
mass deflections are good but the estimations of the
sprung mass and unsprung mass velocities are not
good. The acceleration of the sprung mass is only
slightly less as compared with the passive suspension
system.

Case III: Active suspension based on SMC with and
without IDC

In this case, active suspension based on SMC with IDC
and without IDC is considered.

(a) Active suspension with IDC-based SMC

In this case, the results are obtained by assuming that
the displacement and the velocity of the sprung mass
are available for the controller design. The design of the
sliding surface and the controller are as per (4), (8), (9)
and (12). The parameters of this scheme are selected as
k=10, t =0.01 and c=1.

The results using this approach are shown in
Figure 7. The plot of sprung mass acceleration, the
comparative plot of sprung mass displacement and the
road profile, the displacement of the sprung mass, the
control input, the sliding variable and the relative sus-
pension deflection are shown in Figure 4a–(f). The plot
of the lumped uncertainty and its estimation are shown

0 5 10 15

− 0.5

0

0.5

time [s]
ẋ 2
[m
/s
2 ]

(a)

0 5 10 15

− 0.1

0

0.1

time [s]

x 1
,z
r
[m
]

(b)

0 5 10 15
− 0.2

− 0.1
0

0.1

time [s]

x 1
[m
]

(c)

0 5 10 15

− 5

0

5
·10− 2

time [s]

ξ

(d)

Figure 5. Simulation results with the passive suspension system (case I): (a) _x2, (b) x1 (solid line) and zr (dashed), (c) x1, (d) j.
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in Figure 7g. It can be observed that the estimation of
the lumped uncertainty ê is very close to the lumped
uncertainty e. The acceleration obtained using this
method is markedly low compared with the previous
two cases. The relative suspension deflection is within
the limit as can be seen from Figure 7f.

(b) Active suspension-based SMC without IDC:
conventional SMC

In this case, the control is based on pure SMC, i.e. con-
ventional SMC. For this case the control component un
given in 30 is changed to

un = � (SB)�1kdis sat(s) ð50Þ

where kdis is a positive constant and sat (s) is defined as

sat(s)=
sgn s jsj. e
s

e
jsj4e

(
ð51Þ

For this control to be effective, kdis must be chosen so
that it is greater than the maximum value of jej. Since
the uncertainty e is unknown, it is difficult to select kdis.
The simulations with three values of kdis namely 1000,
1600 and 3000 were carried out. The plots of accelera-
tion of sprung mass and the plots of the control signal

0 5 10 15

− 0.5

0

0.5

time [s]
ẋ 2
[m
/s
2 ]

(a)

0 5 10 15

− 0.1

0

0.1

time [s]

x 1
,z
r
[m
]

(b)

0 5 10 15

− 0.1

0

0.1

time [s]

x 1
[m
]

(c)

0 5 10 15

− 10

0

10

time [s]

u
[N
]

(d)

0 5 10 15

− 0.1

0

0.1

time [s]

ξ

(e)

0 5 10 15

− 0.1

0

0.1

time [s]

x 1
an
d
x̂ 1
[m
]

(f)

0 5 10 15
− 0.2

− 0.1

0

0.1

time [s]

x 2
an
d
x̂ 2
[m
/s
]

(g)

0 5 10 15
− 0.2

− 0.1

0

0.1

time [s]

x 3
an
d
x̂ 3
[m
]

(h)

0 5 10 15
− 0.2
− 0.1
0

0.1
0.2

time [s]

x 4
an
d
x̂ 4
[m
/s
]

(i)

Figure 6. Simulation results with the LQG observer-based controller (case II): (a) _x2, (b) x1 (solid line) and zr (dashed line), (c) x1,
(d) u, (e) j, (f) x1 (solid line) and x̂1 (dashed line), (g) x2 (solid line) and x̂2 (dashed line), (h) x3 (solid line) and x̂3 (dashed line), (i) x4

(solid line) and x̂4 (dashed line).
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are shown Figure 8a and (b), respectively. It may be
noted that it is difficult to select kdis for different
unknown road profiles.

Case IV: Active suspension with IDO-based SMC

In this case, the IDO is used to estimate the states and
the disturbances using the measurement of the sprung

mass position alone. The IDO is designed using (17),
(21), placing the observer poles at [2100 6 200j
2 100]. The controller is designed using (28), (29)
and (30) keeping the parameters the same as in
case III.

The results with IDO-based SMC are given in Figure
9. The magnitude of the sprung mass deflection in
Figure 9c and the acceleration in Figure 9a are almost
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Figure 7. Simulation results for IDC-based SMC (case IIIa): (a) _x2, (b) x1 (solid line) and zr (dashed line), (c) x1, (d) u, (e) s, (f) j, (g)
e (solid line) and ê (dashed line).
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Figure 8. Simulation results with conventional SMC (case IIIb): kdis = 1000 (red color), kdis = 1600 (black color) and kdis = 3000
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same as those obtained in case III. The estimation of
the states and the lumped uncertainty are shown in
Figure 9g, (h) and (i), respectively. It may be noted that
the IDO is successful in estimating the sprung mass
velocity x2. So the objective of estimating the states and
the uncertainty is fulfilled.

The maximum and root-mean-square (RMS) values
of the displacement and the acceleration of the sprung
mass for all four cases are shown in Table 2. It can be
seen that the performance of active suspension system
in terms of displacement and acceleration of the sprung
mass for case III (IDC-based controller) and case IV

(IDO-based controller) are significantly better then case
I (passive) and case II (LQG observer). The perfor-
mance of the IDC-based controller and the IDO-based
controller are very close to each other but the IDO-
based controller requires only one measurement. Thus
the IDO-based controller saves one sensor without
compromising the system performance.

For a better visual comparison of results of cases
I–IV, the sprung mass acceleration, sprung mass displa-
cement, control and the relative suspension deflection
for the four cases superimposed on each other are
shown in Figure 10a–(d), respectively.
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Figure 9. Simulation results with IDO-based SMC (case IV): (a) _x2, (b) x1 (solid line) and zr (dashed line), (c) x1, (d) u, (e) s, (f) j, (g)
x1 (solid line) and x̂1 (dashed line), (h) x2 (solid line) and x̂2 (dashed line), (i) e (solid line) and ê (dashed line).
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Case V: Active suspension with varying load

In this case, the sprung mass is assumed to be uncertain

as the number of passengers may vary in a typical pas-

senger car. For this case the results are obtained assum-

ing 6 20% uncertainty in the sprung mass.

The performance of the passive suspension system,
IDC-based SMC and IDO based SMC are shown in
Tables 3 and 4 for sprung mass having a value of 350
and 230kg, respectively. It can be seen from the tables
that the performance of the passive system is affected
significantly due to the change in mass. However the

Table 2. Maximum and RMS values comparison of simulation results.

Case Types of suspension Displacement (m) Acceleration (m/s2)

Max RMS Max RMS

I Passive 0.1037 0.0399 0.6908 0.2628
II LQG observer 0.1038 0.04 0.6893 0.2661
III a SMC with IDC 0.0013 5.2438 3 1024 0.1262 0.0444
IV SMC with IDO 0.0012 5.029 3 1024 0.1989 0.0447
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Figure 10. Comparative simulation results of case I (pink solid line), case II (blue dash dotted line), case III a (black dashed line) and
case IV (red solid line): (a) _x2, (b) x1, (c) u, (d) j.

Table 3. Performance for sprung mass = 350 kg: maximum and RMS values comparison of simulation results (case V).

Types of suspension Displacement (m) Acceleration (m/s2)

Max RMS Max RMS

Passive 0.1034 0.0402 0.6081 0.2368
SMC with IDC 0.001 4.3518 3 1024 0.1049 0.0369
SMC with IDO 0.001 4.1830 3 1024 0.1906 0.0375

Table 4. Performance for sprung mass = 230 kg: maximum and RMS values comparison of simulation results (case V).

Types of suspension Displacement (m) Acceleration (m/s2)

Max RMS Max RMS

Passive 0.1033 0.0396 0.7955 0.3077
SMC with IDC 0.0016 6.5955 3 1024 0.1581 0.0556
SMC with IDO 0.0015 6.3034 3 1024 0.2114 0.0555
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IDC- and IDO-based schemes are almost unaffected by
the change in the sprung mass.

Case VI: Active suspension with other road profiles

In order to assess the effectiveness of the proposed con-
trol for other road profiles, simulation was carried out
for the following road profiles: road profile (a) zr=
0.05cos(2pt) sin (0.6pt) and road profile (b) zr=0.05
sin(1.5pt) sin (0.15pt) + 0.05cos(0.6pt)sin(0.3pt). The
plots of road profile (a) and (b) are shown in Figure
11a and (b), respectively. The comparison of the pro-
posed scheme with passive, LQG observer, IDC-based
SMC is plotted in Figure 12 for road profile (a) and in
Figure 13 for road profile (b) and the results are

tabulated in Tables 5 and 6. The results confirm the
superiority of the proposed scheme over passive and
LQG observer for these profiles as well.

Experimental results

For validation of the proposed scheme and the other
methods mentioned in the previous section, these are
implemented on an actual hardware setup in laboratory
for the same kind of road profile. The laboratory
setup39 shown in Figure 14, is a bench-scale model to
emulate a quarter-car model, which consists of a
sprung mass (top blue plate), an unsprung mass (mid-
dle red plate), an actuator and a road simulator (bot-
tom silver plate). The actuator, which is a DC motor, is
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Figure 11. Road profiles (a) and (b).
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Figure 12. Comparative simulation results of case I (pink solid line), case II (blue dash-dotted line), case III a (black dashed line) and
case IV (red solid line) for road profile (a): (a) _x2; (b) x1.
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Figure 13. Comparative simulation results of case I (pink solid line), case II (blue dash dotted line), case IIIa (black dashed line) and
case IV (red solid line) for road profile (b): (a) _x2; (b) x1.
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placed between the sprung mass and the unsprung mass
in parallel with a spring and a damper. An acceler-
ometer and an optical encoder are connected to the
sprung mass to measure the acceleration and the posi-
tion of the sprung mass. The bottom plate is servo con-
trolled by a DC motor which simulates different types
of road disturbances. The sprung mass position is
sensed using a 10-bit optical encoder and there is no
sensor for velocity measurement. Apart from these
components, the hardware set-up consists of a power
amplifier and a data acquisition card to provide inter-
face between a Personal computer and the hardware.

The schematic diagram of the implementation of the
whole system is shown in Figure 15. The controller can
be designed in the MATLAB/Simulink environment
first with a simulated plant and then with the active
suspension system shown in Figure 14. The nominal
parameters of the experimental set-up are given in
Table 7.

The experimental results were obtained for case I
(passive system), case II (LQG observer-based control),
case III (IDC-based controller) and case IV (IDO-based
controller).

Table 5. Performance for road profile (a): maximum and RMS values comparison of simulation results (case VI).

Types of suspension Displacement (m) Acceleration (m/s2)

Max RMS Max RMS

Passive 0.0808 0.0389 3.4434 1.9129
LQG observer 0.0770 0.0375 3.2618 1.8092
SMC with IDC 0.0020 9.9007 3 1024 0.2116 0.0535
SMC with IDO 0.0019 9.5392 3 1024 0.3551 0.0532

Table 6. Performance for road profile (b): maximum and RMS values comparison of simulation results (case VI).

Types of suspension Displacement (m) Acceleration (m/s2)

Max RMS Max RMS

Passive 0.1177 0.0479 2.0543 0.9456
LQG observer 0.1163 0.0472 2.0085 0.9185
SMC with IDC 0.0023 0.0010 0.0962 0.0219
SMC with IDO 0.0022 9.8880 3 1024 0.0956 0.0219

Figure 14. Laboratory setup. Figure 15. Implementation scheme of hardware setup.
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Case I: Passive suspension system

The results for this case are shown in Figure 16. It can
be observed that with passive system, the sprung mass
follows the road excitation like the corresponding
results in the simulation.

Case II: Active suspension with LQG observer-based
control

The results for this case are shown in Figure 17. It can
be seen that as far as the sprung mass acceleration is
concerned, the results are better then the passive sus-
pension system by nearly a factor of two. The state esti-
mation shows noticeable errors.

Case III: Active suspension with IDC-based SMC

In this case, the sprung mass displacement is measured
by an optical encoder while the velocity of the sprung
mass is obtained from the sprung mass displacement by
passing it through a high-pass filter having a transfer
function

Hf(s)=
sv2

n

s2 +2zvns+v2
n

ð52Þ

with wn=100 and z =1. The results are shown in
Figure 18. One can observe the fluctuation in the accel-
eration of the sprung mass during 4–6 seconds and 9–
11 seconds. The deflection of the sprung mass is less as
compared with the previous two cases. The plot of the
lumped uncertainty estimation ê is shown in Figure
18g. Obtaining the velocity by passing the optical enco-
der signal through the high-pass filter (52), has resulted
in a deterioration in the ride comfort.

Case IV: Active suspension with IDO-based SMC

Lastly the results with IDO based SMC are shown in
Figure 19. The plot of acceleration of the sprung mass
is shown in Figure 19a where the magnitude is very
small as compared with all three previous cases. The
signals of the system such as the sprung mass displace-
ment and the road disturbance profile together, the
sprung mass displacement, the control input, the sliding
surface and the relative suspension deflection are shown
in Figure 19b–(f), respectively. The estimate of the
states and the lumped uncertainties are shown in Figure
19g, (h) and (i), respectively. It can be observed from
Figure 19h that there is a marked difference between
the velocity signal provided by the high pass filter and
the one estimated by IDO. The improvement in the ride
comfort obtained in this case in comparison with the
case III (IDC-based controller) can be attributed to the
better estimation of x2. Worthy of note are the plots of
the sliding surface s, Figure 18e and (e) for the IDC
and the IDO cases. The sliding variable sigma, which is
a measure of the performances of the systems, is smaller
for the IDO case indicating its better performance.

The performance of the system with all cases are
summarized in Table 8. It can be seen from Table 8 that
the system with IDO-based SMC gives a remarkable
improvement in the ride comfort compared to all other
cases. Among all of the results of passive, LQG
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Figure 16. Experimental results for passive suspension system: (a) _x2, (b) x1 (solid line) and zr (dashed), (c) x1, (d) j.

Table 7. Parameters of experimental setup.

Parameter Value Units

ms 2.45 kg
mu 1 kg
ks 900 N/m
bs 7.5 N/m s
bus 5 N/m s
kus 1250 N/m
L 0.038 m
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Figure 17. Experimental results for LQG observer-based control: (a) _x2, (b) x1 (solid line) and zr (dashed line), (c) x1, (d) u, (e) j, (f)
x1 (solid line) and x̂1 (dashed line), (g) x2 (solid line) and x̂2 (dashed line), (h) x3 (solid line) and x̂3 (dashed), (i) x4 (solid line) and x̂4

(dashed line).

Table 8. Maximum and RMS values comparison of hardware results.

Case Types of suspension Displacement (m) Acceleration (m/s2)

Max RMS Max RMS

I Passive 0.0029 0.001 0.1212 0.0276
II LQG observer 0.0015 6.9206 3 1024 0.0731 0.0166
III SMC with IDC 2.6787 3 1024 8.4250 3 1025 0.1375 0.0156
IV SMC with IDO 1.4611 3 1024 7.5986 3 1025 0.0236 0.0065
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observer based control, IDC-based SMC and IDO-
based SMC, the RMS values of the displacement and
the acceleration of the sprung mass obtained with IDO-
based SMC are the least. In the case of IDO-based
SMC, the sprung mass acceleration is reduced by a fac-
tor of five as compared with the passive case. It may be
noted that the sprung mass position is obtained using
an optical encoder. In the IDC approach, the sprung
mass velocity is obtained by differentiating the encoder
signal by means of a high-pass filter while in the IDO-
based approach, it is obtained through the use of a
robust observer. This is why the hardware results with
IDC are poorer as compared with those with IDO.

Case V: Active suspension with IDO-based SMC with
sprung mass variation

The controller with IDO was tested for three values of
sprung mass namely ms=0.2, 1.2 and 2.45 kg. The
results of sprung mass acceleration and the control are

shown in Figure 20a and (b), respectively. It can be
seen that the proposed scheme is robust to significant
uncertainties in the sprung mass.

Conclusion

In this paper, an IDO-based active suspension system
which estimates the effect of uncertainties, unknown
road profiles and the states of the sprung mass is pro-
posed. The proposed scheme is successful in giving ride
comfort using only one sensor. The scheme is validated
by simulation and experimentation on a laboratory
hardware setup. The results obtained with the proposed
scheme are compared with a passive suspension system,
an LQG observer based suspension system and an
IDC-based suspension system. The scheme gives better
ride comfort than the passive and the LQG observer
based control. The comparison of the simulation results
show that the proposed scheme gives a performance
that is as good as that obtained with the IDC-based
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Figure 18. Experimental results for IDC-based SMC: (a) _x2, (b) x1 (solid line) and zr (dashed), (c) x1, (d) u, (e) s, (f) j, (g) ê.

16 Proc IMechE Part D: J Automobile Engineering



0 5 10 15

− 2

0

2
·10− 2

time [s]
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Figure 19. Experimental results for IDO-based SMC: (a) _x2, (b) x1 (solid line) and zr (dashed), (c) x1, (d) u, (e) s, (f) j, (g) x1 (solid
line) and x̂1 (dashed), (h) x2 (solid line) and x̂2 (dashed), (i) ê.
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Figure 20. Experimental results for IDO-based SMC with sprung mass variations, ms = 0.2 kg (red color), 1.2 kg (green color),
2.45 kg (black color): (a) _x2, (b) u.
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scheme while needing one sensor less. However the
comparison of the hardware results obtained with pro-
posed scheme are better than the IDC-based scheme.
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Appendix
Notation

ms: sprung mass
mus: unsprung mass
bs: sprung mass damper coefficient
bus: unsprung mass damper coefficient
ks: sprung mass spring stiffness
kus: unsprung mass spring stiffness
xs: displacement of the sprung mass
xus: displacement of the unsprung mass
zr: road profile relative to plane ground
u: control force generated by the actuator
xi: states of the suspension system
y: output of the suspension system
s: sliding surface
t: time constant of the inertial delay filter
m: positive constant
~z: observer error dynamics
c: positive constant

e: lumped uncertainty
ê: estimate of the lumped uncertainty
~e: estimate error in lumped uncertainty
M: constant matrix
P: positive-definite matrix
Q: positive-definite matrix
A, B, C: system parameter matrices
ŝ: estimate of the sliding surface
~s: error in estimation of the sliding surface
x̂: estimate of the states x
ŷ: estimate of the output y
S: constant row vector
qi: LQG observer states
K: feedback gain matrix
L: inertial delay observer gain matrix
Lk: Kalman gain matrix
B+: pseudo–inverseofmatrix B
l1: positive constant
l2: positive constant
lm: positive constant
An, Bn,
Cn:

nominal system coefficient matrix, input
and output matrix

Gf (s): inertial delay filter
Hf (s): second-order high-pass filter
x̂obs: LQG observer states
L: total space between sprung and unsprung

mass

j: relative suspension deflection
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